Abstract Performing arts organizations are characterized by different objectives other than revenue. Even if, on the one hand, theaters aim to increase revenue from box office as a consequence of the systematic reduction of public funds; on the other hand they pursue the objective to increase its attendance. A common practice by theaters is to provide incentives to customers to discriminate among themselves according to their reservation price, offering a schedule of different prices corresponding to different seats in the venue. In this context, price and allocation of the theater seating area are decision variables that allow theater managers to manage their two conflicting goals to be pursued. In this paper we introduce a multi-objective optimization model that jointly considers pricing and seat allocation. The framework proposed integrates a choice model estimated by multinomial logit model and the demand forecast, taking into account the impact of heterogeneity among customer categories in both choice and demand. The proposed model is validated with booking data referring to the Royal Danish theater during the period 2010-2015.
Introduction
In the seminal article by Baumol and Bowen (1966) the authors claim how theaters will be more and more dependent on subsidies, due to their productivity lag. However, the last decades' tendency shows that public funds allocated to non profit performing arts organizations in Western countries (Marco-Serrano, 2006 ) are decreasing 1 . This fact has forced theaters to increase other sources of revenue, including box office revenue. In addition, such organizations pursue the aim to increase the attendance, for a couple of reasons: first, they feel the mission is to spread culture as broad as possible (Hansmann, 1981) legitimizing their social value; second, they prefer to avoid empty seats in the venue that can have a negative effect on the reputation of the theater. In this context, managers of the performing arts organizations can implement Revenue Management (RM) techniques (see e.g. Talluri and Van Ryzin (2006) ) in order to balance between the rate of occupancy and the profitability of theater. The most common among these techniques is realized through market segmentation based on the price leverage, that leads to different pricing schemes. For instance, price reductions are offered to customers' segments, such as students and senior citizens, who are supposed to look for more affordable prices. Discounts are offered also to those customers -subscriberswho buy in advance a bundle of tickets, assuring a long-term commitment towards the theater. Due to heterogeneity in price sensibility within the same customer segment, one usual practice applied by theaters is to use a non-linear tariff system offering a schedule of different prices according to the quality of the product. In this case, different prices are charged according to the seat location in the venue in order to better capture consumers' willingness to pay. Indeed, this mechanism incentivizes customers to discriminate by themselves in choosing the seating area they prefer. So, beside the pricing strategy, also the seat allocation across these fare classes (i.e seating area) represents a decision that may encourage an orientation of the theater towards either the maximization of the total attendance or the maximization of revenue. In the first case, we expect that theater would increase the accessibility of the most expensive seating areas for all the customers: to do this, it is convenient to propose a scheme in which the prices of the different seating areas are closer downward. This scheme will lead to an increase of the size of the expensive seating area and, in addition, can favour a customer buy-up behavior (i.e buying a ticket for a more expensive fare class when the ticket for the required seating area is not available). In the second case, we expect that theater would strengthen the self-discrimination operated by customers. Thus, the allocation policy will strongly depend on the type of customer attending the performance: if the performance attracts an audience group (as young customers) that is supposed to be highly price sensitive, the theater would enlarge the cheapest seating area in order to prevent a loss in revenue. In the opposite case, the theater would take advantage of the inelastic demand by enlarging the expensive seating area. Considering this pricing and allocation strategy, not only the demand forecasting becomes essential, but also the understanding of the customers' behavior with respect to price discrimination by seating area. Since the paper by Tal-luri and Van Ryzin (2004) , discrete choice models have emerged as a standard approach to incorporate the buy-up and buy-down behavior. This paper proposes an optimization model that considers the pricing and allocation problem in the performing arts context. To this end, the demand forecasting is integrated with a customer choice model. In order to accomodate for heterogeneity in preference over seating areas, we adopt a multinomial logit model (MNL) using customer's characteristics and performance-production attributes as variables to be interacted with the characteristics of the choice alternatives. Our model has been implemented to a data set provided by the Royal Danish theater which refers to the period 2010-2015. A simulation is conducted considering three performances that differ from each other by characteristics affecting the demand. The remainder of the paper is organized as follows: Section 2 presents the relevant literature on demand-management decisions in the performing arts context; Section 3 describes the research framework, whereas Section 4 and Section 5 present respectively the demand estimation and the choice model. Section 6 describes the optimization model, whereas Section 7 presents the results of our simulation. Finally Section 8 provides some conclusions.
Literature review
The literature of cultural economics has been dealing with the objectives of performing arts institutions. Since most performing arts institutions are nonprofit firms, this taps into a more general literature on the objectives of nonprofit firms (e.g. Hansmann (1980) and Steinberg (1986) ). Steinberg (1986) suggests that nonprofit firms are either service maximizers or budget maximizers or something in between. However, in the performing arts, the concept of service is not straightforward. Several authors (e.g. Throsby et al (1993) , Throsby (1994) and Hansmann (1981) ) have suggested three different measures of output: 1) Quality, 2) Audience size and 3) Budget. Several empirical studies have shown that the performing arts are primarily output maximizers (either quality or quantity), and less budget maximizers (see e.g. Luksetich and Lange (1995); and Gapinski et al (1985) ). For an overview of the literature, see Brooks (2006) . To our knowledge, no studies have been made dealing with the optimization decisions in the performing arts when the repertoire is planned (based on quality decisions), while the theater wants to make the optimal decision on how to maximize attendance as well as revenue, basing this decision on prices and seat categories. Most of the research related to the demand-management decision in the theater sector has focused on the price discrimination practice. Hansmann (1981) claims that in the nonprofit performing arts sector, price discrimination is not effective due to the difficulty of identifying customers with inelastic demand. Therefore, according to the author, the only form of discrimination that nonprofit enterprises can apply is by asking for a voluntary donation, in order to extract a part of consumer's surplus. Seaman (1985) raises some doubts about Hansmann (1981) hypotheses: the author measures the degree of price discrimination (such as: the number of different prices charged and the standard deviation of the prices charged) to a set of nonprofit performing art organizations. He concludes that price discrimination varies significantly across art forms (opera, ballet, theater, symphony concert) and that the organizations that discriminate more are characterized by a high ratio between fixed cost and attendance. Huntington (1993) justifies the adoption of price discrimination by seating area, by referring to Rosen's utility model (i.e. the hedonic price model, see Rosen (1974) ), as there are observable differences between different seats. Moreover, the author compares the box office revenue between theaters operating a single price policy and those operating a discrimination pricing policy: he finds that the price range policy is statistically significant and positively correlated with the revenue of the theater, controlling for seat capacity and the number of performances per year. Rosen and Rosenfield (1997) describe a model in which theater venue has two types of seats: (high and low quality), and the theater manager knows the distribution of reservation price for both seat category. First, the authors solve the pricing problem, given the quantity of seats for each category. Second, the authors solves the allocation problem, given the optimal pricing policy. Leslie (2004) considers the Broadway show "Seven Guitars" and estimates a structural econometric model of price discrimination based on an individual consumer behavior model, that incorporates all the types of price discrimination (by seating area and social category). The model allows him to perform different experiments using alternative pricing policies. Tereyagoglu et al (2012) use the data from the ticket purchase transactions of the shows of a symphony orchestra in the northeast region of the US, in order to employ a proportional hazard framework to analyze how pricing and discount actions affect the timing of customers purchase over time. The Opera House and the Playhouse have a main stage and smaller stages for experimental productions. It is one of the few theaters in the world offering both opera, ballet and theater performances as well as classical concerts. Today, The Old Stage is the house where ballet is performed. The law of the Royal Danish theater states that it is the national theater for the whole country and the entire population. Besides, it has an obligation to produce a broad repertoire of high artistic quality among ballet, opera and plays. It is required to continue the classical traditions as well as developing the performing arts in new and contemporary ways, with a special attention on productions of Danish origin. The Royal Danish theater is on the state budget under the Ministry of Culture, and has a number of more specific obligations in agreement with the current Minister of Culture. Included in these obligations, there are general cultural policy goals, such as having special productions for children and youth, and keeping prices to a level that makes the theater accessible for all socio-economic groups. In 2015, the theater had a total budget of 705,4 million DKK (94 million Euros), of which 76 percent were public support from the Government. The theater had 165,8 million DKK (22 million Euros) in own earnings, of which 69 percent (15 million Euros) was from ticket sales, the rest was income from sponsors etc. Due to its obligations as a national theater, it has to decide its repertoire based on a number of parameters, namely quality and variety, understood as a fairly large number of different productions from the classical repertoire as well as new productions, developing the performing arts, of Danish as well as international productions. In addition, it has to decide the number of performances of each production during the season and how they are scheduled on weekdays and weekends. It should be noticed that when a given production is played less than demanded by the audience as well as if a performance is played more times than demanded, it will create a loss in earnings. Moreover, there are high fixed costs in taking a new producing on stage (due to rehearsal time, designing the staging etc.), while the costs of prolonging a production with extra performances are small, and the marginal costs are lower than the marginal revenue (Hansen, 1991) . Finally, the theater has also to decide its price policy, including price differentiation based on different audience groups (like young, senior people and subscribers) as well as seat categories, time of the performance, the type of the performance, the production costs etc.
Problem description
In this paper, we assume that the repertoire decisions are already determined by the theater, both with regard to the variety of productions and the number of performances of each production during a season. With this assumption the theater has to decide on the price and the allocation of seat categories for the individual performances. It is assumed that the theater wants to optimize both attendance and revenue, where the former finds an upper limit in the theater capacity. Thus we will consider a bi-objective optimization model that incorporates the demand forecast and the customers' seat choice model. The latter is estimated with a multinomial logit (MNL) model that predicts the probability to choose a particular seating area as a function of price and performance characteristics. From Baldin and Bille (2017) we know that some audience groups (especially young people) are quite price sensitive, while other groups are very insensitive to price (e.g., subscribers). Therefore, we estimate one demand forecast for each customer category; whereas the choice model accounts for heterogeneity by including choice-invariant variables that account also for the customer category. The methodological procedure in this paper follows the study by Hetrakul and Cirillo (2014) that proposes, in a railway setting, an optimization model in which discrete choice models and demand function are integrated, in order to calculate the price and fraction of the demand to be accepted for each origin-destination pair.
Demand forecast

Sample selection
The demand estimation is based on booking data from the sale system of the Royal Danish theater for the period 2010/2011 to 2014/2015. The sample consists of 401 opera performances which took place during that period. We estimate a demand function for each identified customer category, with which we refer to the price type applied by the theater in the price discrimination process across buyers. Hence, we assume that the market segmentation is solely based on the price leverage. Among the numerous existing price types (including customers with a loyalty card, employees, group sales, disabled...), we consider the three main customer categories that together account for nearly 80% of the total tickets sold: standard ticket buyers (45.9%) who pay the full price for the ticket; youngs (under 25 years)-student customers (6.1%) for which tickets are discounted by 50%; and subscribers (26.1%). Regarding the subscribers categories, Royal Danish theater applies two types of subscriptions: a fixed subscription, in which the bundle of events included is predetermined by the theater, and a "choose your own" subscription that allows the customers to choose the productions they want to see. In the first case, a discount of 15% is applied, whereas in the second case the discount drops to 10%. In order to simplify the optimization model, we merge the two types of subscriptions, considering the average discount of 12.5%. In this category we include also the additional tickets that a subscriber can purchase, besides his subscription. For example, when a subscriber buys a performance ticket of a production that it is not included in the subscription, this ticket is also discounted by 10%. For the purpose of model simplicity, there are some remarkable categories that, given their low number of attendees per performance, are not considered. For example, tickets for senior customers, who are entitled to a discount of 50%, represent only 2.5% of the tickets since this discount is made available only for some performances decided by theater management. Indeed, as many senior customers are subscribers, it is not convenient to offer this discount for all the performances. We exclude also the young/student subscribers, who ac-count for 0.74% of the total theater market: their discount is 65% for a fixed subscription and 60% for a "choose your own" subscription.
Demand estimation
Following the literature, we adopt a double-log specification, which is the most popular functional form adopted in estimating theater-attendance demand (Seaman, 2006) . For each category j, the following demand function is estimated:
so as:
where, for a given performance, D j is the number of tickets sold to category j, p j is the ticket average price of deflated by CPI 2 charged to category j: in particular, we take the average price of the different seat categories offered by the theaters. z is a vector of performance and production characteristics, while j is an error term. Concerning the performances scheduling, we include three dummy variables to take into account the weekly seasonal effect: WKDAY denotes performances run during weekdays (from Monday morning to Friday morning); WKEND indicates performances run during Friday and Saturday evenings or during the evening before a public holiday. Finally SUNDAY denotes performances that take place on Sunday or in a public holiday. This latter group of performances are "matinée" as no evening performances take place on Sunday. Besides Sundays, in the other days of the week, performances can take place either on monday-afternoon or during the evening. We denote with EVE performances that take place during the evening. In order to capture the seasonality effect, we construct monthly dummy variables for each month of the year, except for July and August when the theater is closed. In addition, following Corning and Levy (2002) we also include REMAIN and TOTPERF denoting respectively the number of remaining and total perfomances of a given production. We also find a significant interaction between these two variables: indeed, this interaction term allows to weigh the amount of remaining performance with respect to the total number of performances. We also control for the production characteristics: to capture the popularity of an opera show, we introduce the variable POP measured as the number of times the production is performed worldwide during the same year it has been performed at the Royal Danish theater 3 . However, it should be considered that some Danish productions (e.g Maskarade, Livlaegens besøg) are popular in Denmark but not worldwide. To control for this aspect, we include the dummy variable DANISH, denoting Danish productions. Moreover, the dummy variable NEWDKT controls for productions that take place for the first time at Royal Danish theater. We also control for the year in which the production was created by introducing three dummies : 1920 : -2015 : , 1850 : -1919 : , BEFORE 1850 . As our analysis is based on performances running throughout 5 years, we include a time trend variable t. Finally, considering that the total capacity of the theater can change due to production requirements, we add the variable CAPACITY indicating the number of the available seats for a specific show. In estimating the demand function for subscribers, we add a new variable SUBYEAR indicating the log number of subscribers in the current season. In fact, subscriptions are sold in advance and the number of subscribers is known to the theater before the season starts. However, given a production, it is unknown which is the distribution among performances of customers who buy a fixed subscriptions. We estimate (1) by OLS with robust standard-error. Although more sophisticated models are available for a forecast analysis (Ainslie et al (2005) ), such techniques do not necessarily provide a significant improvement (Andrews et al, 2008) ; (Eliashberg et al, 2009 ). We also have checked for multicollinearity issues that do not seem to arise. Table 2 shows the estimation results of the demand function for all the categories considered.
Results of the demand estimation reveal that price elasticity differs across customer categories. Young customers is the most price sensitive audience group: a 1 % increase in ticket price results in approximately 1.84 % decline in quantity demanded . Standard ticket buyers are less price sensitive as the price elasticity is less than unity: a 1 % increase in ticket price results in approximately 0.49 % decline in quantity demanded . As with previous results in literature show (Felton, 1994) ; (Baldin and Bille, 2017) , subscribers are the least price sensitive: in our sample, the price coefficient is even not statistically significative. This result is not surprising as literature has shown in some cases even a positive price elasticity in the demand for performing arts, identifying the theatrical experience as a Veblen good (Laamanen, 2013) . The results for the single ticket buyers show a strong explanatory power (R 2 = 0.75) and almost all variables are statistically significant. In particular, Table 2 shows that, for this type of customers, the demand is higher for Friday/Saturday evening performances. The number of times a title is rerun (TOTPERF), which is supposed to be an indicator of the total expected demand for that production, has a positive impact on the demand for a single performance. Moreover, given the same production, each performance has a 5.75 % higher demand than the previous, keeping fixed the number of times a performance is rerun. This is probably due to a word-of-mouth effect (Laamanen, 2013) . Furthermore, we can deduce that single ticket buyers prefer traditional and less risky productions than the more experimental ones: indeed the productions that take place for the first time at Royal Danish theater have a negative impact on demand; whereas popular score has a positive impact, as well as those productions composed before 1919. Results for young customers and subscribers have a lower explanatory power (R 2 is respectively 0.42 and 0.38). For the former, there is a positive wordof-mouth and time trend effect. Furthermore, the Danish productions have a strong positive effect on demand, as well as the popular of the production worldwide; but also the productions that take place for the first time at Royal Danish theater seem to be appealing to young customers. Concerning subscribers, we note a significant month-seasonality and time trend effect. Contrary to single ticket buyers, subscribers seem to appreciate less conventional productions, as the coefficient associated with the popular score is negative. On the other side, productions composed before 1850 seem to be preferred by this audience group. 
Sample selection
The choice model concerns the price discrimination across seating areas. The theater policy has been refined in the last years. In 2010, the OperaHouse offered 5 different price zones, 6 price zones in 2011 and 8 seating areas from 2012 onwards (Figure 1 ). The subdivision is not physically evident: for example, zone called "price A" includes both stall seats and first balcony seats; whereas zone called "price B" includes stall seats as well as first and second balcony seats, and so forth. This allows the theater manager to be quite flexible in the subdivision of the venue. Since the number of price zones changed during the period under examination, we aggregated productions with more than five price zones into five seat categories. The procedure adopted follows Baldin and Bille (2017) , to which we refer for details. For logistic reasons, it has not been possible to collect data for the choice model estimation for the whole sample considered in the demand function. 
Estimation of seat choice
After estimating the demand for each performance, in this section we propose a choice model for the seating area decision. To this aim, we adopt a multinomial logit (MNL) approach. Hence, we assume that each customer chooses the seat that maximizes her utility. The independent variables that enter in the model as the attributes of each choice are: price and a dummy variable for each seat category. These variables aim to capture the tradeoff behavior between cheap seats with low visibility and/or acoustics, and more expensive high quality seats. Moreover, in order to address heterogeneity, we allow the price sensitivity and the marginal utility of the seating areas to vary across customer categories. The price coefficient also interacts with variables related to the performance characteristics.
The utility of a customer that buys a ticket which refers to the seating area s, for the performance i, can be formulated as:
with V sj = p sj ·(β 1 +β 2 ·young +β 3 ·sub+γ z)+seat s ·(δ 1 +δ 2 ·young +δ 3 ·sub) (4) where young and sub are dummy variables denoting whether the customer is respectively a young customer or a subscriber. This implies that single ticket buyers are treated as the base category, and z is a vector of performance and production characteristics. In our estimation, such characteristics are represented by the dummy variables SUNDAY and WEEKEND, already defined in the demand function. Moreover, we used the number of times the production is performed worldwide during the same year, to define three dummy variables denoting the degree of popular of the production: Low popular (for productions run less than 50 times worldwide) treated as base variable; M edium popular (for productions run between 50 and 150 times worldwide) and High popular (for productions run more than 150 times worldwide). Finally seat s is a dummy variable denoting whether the seat belongs to area s or not. Seat1 is used as baseline in order to guarantee the identification of the model. Assuming that the error components in (3) are independent and identically distributed according to a Gumbel distribution, the probability of a customer belonging to category j purchasing a ticket of seating area s (among the 5 seating areas) is given by:
Estimation results for the MNL model are displayed in Table 4 . As expected, young customers are highly price sensitive, followed by standardticket buyers and subscribers. In addition, the price coefficient increases significantly when we consider popular productions as well as, surprisingly, performances that take place on Sunday. With regard to the seat quality, the coefficients reflect an expected pattern: keeping the price fixed, an increase of the quality of the seat leads to a greater utility. This pattern holds for all the customer categories considered. Contrary to Baldin and Bille (2017) , we can not compare the marginal utility of the seat categories across customers categories because each category has its own price coefficient. However, in terms of willingness to pay (WTP), i.e. the ratio between the coefficient of the attribute and the price coefficient, it results that this value is greater for subscribers, followed by standard-ticket buyers and young customers.
Bi-objective optimization of revenue and attendance
The optimization model we propose considers the two objectives of the theater, i.e., to maximize revenue and attendance, in a constrained bi-objective maximization framework. It incorporates both the demand function and the customers' seat choices described in section 5. The decision variables are the prices p sj , for each seating area s and each customer category j. As these prices affect the demand and the customers' seat choice, the optimal prices determine the optimal splitting into fare classes of the seats in the theater. Table 4 : Estimation of multinomial logit model
The expected revenue and attendance can be written as, respectively,
and
where D j is the number of tickets sold to category j, defined by the estimated demand function (2); p j is the average price for a customer belonging to category j; P r(s | j) is the probability of buying a ticket of seating area s, given the customer category j, for the considered performance, as defined by (5).
The maximum number of seats that can be sold is bounded by the capacity of the theater C:
Moreover, we have to consider a set of constraints that are required by the theater policy:
for each j and s
As seen in Section 4.1, both the ticket prices for a young customer and for a subscriber are obtained discounting the standard ticket price, given a seating area s.
However, we allow for a more flexible relationship:
0.7 · p standardticket < p subscriber < 0.9 · p standardticket .
Finally, we have the constraint that defines the relation between p sj and p j
7 Optimization results
The bi-objective optimization model we defined consists in maximizing the two objectives, Revenue and Attendance, under the above defined constraints: the solution of such a problem is the set of Pareto optimal points, the so-called Pareto frontier of the problem. We observe that we are facing a nonlinear biobjective problem, due to the exponential term both in the demand function and in the formulation of the probability in the multinomial logit model. As usual in multi-objective optimization, in particular in the non-linear case, it is convenient to look for some points of the Pareto frontier; those points should be interesting from the point of view of the decision maker, in our case the direction of the theater. We solved the problem by means of the Synchronous Approach adopted by Miettinen and Mäkelä (2006) . Their model, called NIMBUS (Nondifferentiable Interactive Multiobjective BUndle-based optimization System), allows us to deal with nondifferentiable and nonconvex multiobjective optimization problems. The approach is based on the interaction between the decision maker and the solution algorithm, and is realized via the Internet based system WWW-NIMBUS (https://wwwnimbus.it.jyu.fi). The single steps of the solution approach consist in the solution of single objective (sub)problems via classical subgradients methods (see, e.g., Clarke (1990) ). Successive single optimisation subproblems are then solved under the guidance of the decision maker: each successive solution is a Pareto optimal solution of the multiobjective problem. At each iteration the decision maker can indicate the preferred way to navigate the set of Pareto optimal solutions, choosing the objectives whose value should be improved and, at the same time, which objectives should pay the cost of such improvement. In this way, the most appropriate solutions from the decision maker's point of view are selected from the Pareto optimal solutions set. The software is free for the academic community and is operated directly on the Internet site 4 , requiring neither the download of any software nor huge computing capabilities of the client computer.
As case studies we consider three performances that differ by characteristics affecting the demand, to verify how different levels of theater occupancy require different pricing and allocation policies, in particular considering the peak-load pricing issue (i.e. differentiating prices charged depending on peak and off-peak periods). For the purpose of a better comparison between the actual pricing and allocation policies, and those resulting from the optimization model, we have chosen three performances that show a fitted value of the demand, which is very close to the real demand. The first performance is a high demand performance, namely a Saturday evening performance of La Tosca that fills up to 91.05% capacity. The second performance analyzed is a low demand performance, Djaevlene fra Loudun, run in a weekday: this performance fills less than half of the total capacity (41.98%). The third performance is a medium-popular production, namely Rusalka, with 67.86% of the total capacity filled.
We are therefore able to compare the price 5 and seat allocation results of the bi-objective optimization model with the actual results and also with those resulting from the two single objective optimization models: one that maximizes only the Revenue and one that maximizes only the total Attendance (see Tables 5-7) . Some remarks about the implementation of the models: first, for the purpose of realism we have established a lower and an upper bound to the 15 decision variables, respectively equal to the half and the double value of the actual price. Second, we subtract from the value of the capacity C the number of tickets sold to other categories which were not considered, assuming it is already known by the theater manager. Table 5 considers the results obtained for a Saturday evening performance of La Tosca. It is a high-demand event almost (but not completely) sold-out.
The bi-objective optimization model solutions shown in Table 5 (as well as all the other solutions shown in Table 6 and 7) represent one of the points of the Pareto frontier. Hence, there are other possible solutions. Figure 2 shows some alternative solutions of the bi-objective model. The solution proposed in Table 5 leads to an increment in revenue of 1.33% and a decrease of the total attendance of 16.65%.
From Figure 2 , the existence of a trade-off among the two objectives becomes evident: an increase in revenue is associated with a lower value of the attendance, and viceversa. It is interesting to observe how price and seat allocation can change according to the orientation of the theater manager towards the two objectives. From Table 5 we can deduce that when the only objective is the maximization of the revenue, the theater exploits the inelasticity that characterizes subscribers and standard tickets buyers by increasing the price to the upper bound. As young customers are price sensitive, the corresponding price is increased until the loss of young customers is not more balanced by a higher revenue per seat. In the attendance maximization perspective, since the performance almost reaches the capacity constraint, the objective is achieved by lowering only the prices of the most expensive seat category. In relation to the allocation policy, we notice that when the theater is "attendance maximizer" customers are more likely to shift to a higher seat quality (buy-up behavior) as a consequence of a generalized price reduction. Viceversa, if the theater is "revenue maximizer", customers are more likely to buy a ticket for a cheap seat because they are not willing to pay more. This behavior is evident when we refer to price sensitive customers. On the contrary, price insensitive customers are not influenced by the theater policy in their choice of the seating area, which is confirmed in Figures 3 and 4 -respectively for young customers and subscribers -showing how the probability of buying a ticket of certain seating areas changes according to the theater policy. Thus, the optimal pricing and allocation policy depends on the type of customers the theater expects to accomodate. Table 6 considers the results obtained for a weekday performance of Djaevlene fra Loudun. It is a low-demand event in which the theater is usually occupied approximately only a little bit more than a third of its capacity. One solution obtained solving the bi-objective model allows an increase in attendance of 13.26% while requiring a decrease in revenue of 12.25%. Compared to the previous case, here the theater is forced to reduce prices to the lower bound when it aims to maximize attendance. Concerning the allocation policy, the pattern previously described is even more evident as the price coefficient of the MNL model decreases when a non popular event is considered. Hence, if the theater is "attendance" (revenue) maximizer, the suggestion is to increase(decrease) the size of the most expensive (cheapest) seating area, especially when theater expects to attract a price-insensitive audience group (as young customers). Table 7 considers the results obtained for a Sunday performance of Rusalka. This is an intermediate case compared to the previous two. This case is interesting as the bi-optimization model provides a solution that dominates the current value of the objectives. Indeed, the solution proposed allows an increase in revenue of 1.90% and, at the same time, an increase in attendance of 1.83%. This paper has proposed a model that simultaneously optimizes the pricing and seating-allocation policy of a theater. In particular, we present a bi-objective optimization model that integrates the demand forecast and a choice model, where the customer chooses one among different seating areas which differ in price and quality. The multi-objective nature of our model reflects the multidimensional nature of nonprofit performing arts organizations. In our case, the objectives we assume to be maximized are revenue and attendance. The approach adopted also allows to take into account heterogeneity in price sensitivity and choice behavior across different customer segments. The proposed model is applied to booking data provided by the Royal Danish theater re-ferring to the period 2010-2015. More precisely, we consider three different performances in order to explore the potentialities of the model. From a managerial perspective, the model can provide theater managers with insightful policy implications in terms of demand-management decisions. The results obtained confirm the existence of a trade-off between the two theater objectives. When the theater is "revenue maximizer", prices charged to price insensitive customers are raised, and the cheapest seating area is enlarged to prevent a loss of revenue. Viceversa, when the theater is audience maximizer, prices are set at lower levels, in particular the ones associated to the most expensive seating area. As a consequence, it is recommended to increase the number of seats allocated to the most expensive area, in order to encourage a shift of customer choices to higher quality seats. The allocation policy just described is particularly effective when a performance is expected to attract customers with an elastic demand, since they are more sensitive to price changes in their seat choice; and also when the performance will probably not attract a large audience. Moreover, in one case the bi-objective model provides a solution that causes an improvement in both revenue and attendance from the current situation. Overall, our examples clarify that both price and capacity allocation are leverages with which a theater can calibrate its objectives, even when revenue is not considered as the main goal to pursue.
